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Fig. 1 Gaseous hydrogen coolant temperature to mini-
mize flow for given Twc.

For a given engine condition, with the dimensions of a coolant
circuit fixed, 6 = const. Equation (5) is differentiated to give

= (0)1.25(7^-0.6875 _ -1.25 1.25(0) 1

|L25|^P+r l_r]_0|75| (8)

(dwc/dTc) = 0 establishes the criterion for a minimum.

2. Analysis uith gaseous Hydrogen
In order to solve Eq. (8), <j> must be defined. Gaseous hy-

drogen at high pressure (500 psia) is assumed as the coolant.
At high pressure cpc, kc, and fj,c are essentially independent of
pressure. An approximate linear curve fit yields

<£ (TV) ^ 0.521 - 7.73 X lO"5^) (9)

^ -7.73 X 10~5 (10)
Only one solution which is physically valid may be obtained
from Eq. (8) when (dwc/dTc) = 0. The criterion for this solu-
tion is obtained from the term

(6)1.25

~PPS 0.6

Fig. 2 Regenerative cooling flow variation with coolant
temperature, Twc = 1800°R.

Equation (11) is a quadratic in 77H2, which yields the following
solution

!Ta = 1.90 X 104 - 0.820(7^) - [3.61 X 108 + 0.672 X

(Twcy- 5.82 X 104(7U]1/2 (12)

Figure 1 is a plot of Eq. (12). Current hypersonic ramjet
designs, utilizing regenerative cooling, employ Twc values to
3000°# depending upon the application and the resulting
material selection. For illustrative purposes a Twc = 1800 °#
has been chosen. The variation of the coolant flow require-
ments with coolant (hydrogen) temperature at this condition
is shown in Fig. 2.

Conclusions

A significant variation in hydrogen coolant flow require-
ments as a function of coolant temperature can occur in re-
generatively cooled engines. Clever design of the coolant
flow circuit can reduce the cooling flow rate more than 60%
if the cryogenic hydrogen carried on the vehicle is properly
elevated in temperature prior to cooling the throat of the
nozzle.
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Further Similarity Solutions of Two-
Dimensional Wakes and Jets

MARTIN H. STEIGER* AND KARL
Polytechnic Institute of Brooklyn, Freeport, N. Y.

OLUTIONS of the Falkner-Skan equation

/'"+//" + 0[1'-/'2] = 0
subject to the boundary conditions

/(O) =/"(0) = 0 /'(») = 1.0

(la)

(lb)

describe the two-dimensional, isoenergetic, symmetric viscous
free mixing with streamwise pressure gradient under condi-
tions of similarity, wherein

u = ue(s)f'(r))

77 = (2^ fo pdy S ~ Jo* p*^U*dx

_ 2s due He

C = ^7S"Te ^ = ^^

Primes denote total differentiation with respect to rj and sub-
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Fig. la Axis velocity/'(O) vs
pressure gradient parameter

]8; for /3<0.
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Fig. 3 Velocity profiles for
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script e denotes conditions at the edge of the viscous layer.
Other symbols used here are denned in Sec. 8.2 of Ref. 4.

Stewartson1' 2 and Kennedy3 have investigated Eqs. (1) in
the range —0.5 < ft < 0. Lees and Reeves5 and Kennedy3

have noted that these solutions have some relevance to the
laminar flow behind flat-based bodies.

Herein, solutions of Eqs. (1) in the ranges —1.0 < /3 <
— 0.5 and 1.0 < ft are derived. Exact solutions (obtained by
a forward numerical integration) and approximate integral
method solutions are presented. The numerical integration
utilized a fourth-order Runge-Kutta6 scheme and a calcula-
tion procedure that is described in detail by Clutter and
Smith.7 Briefly, an initial value problem is formed by sys-
tematically specifying (for given ft) /'(O). The exact solution
is extracted by requiring both the boundary condition
/'(«>) = 1.0 and the auxiliary condition/"(co) = 0 to be
satisfied to three significant figures. The integral method
helped facilitate solutions by providing a reasonable initial
estimate for/'(0). In addition, in order to insure uniqueness
when /3 < 0, it was postulated that /' -> 1 exponentially as

The integral method solutions are facilitated with the
analysis of Ref. 4. Direct integration of Eqs. (la), with
(Ib) and/"(co) = 0 yields

/O
ro /'(i - fWr, + ftf™ (i - Ddn = o (2)

Approximate solutions are derived by assuming

/' = 1 + [/'(O) - l]e-b"2/2 (3)

where /'(O) and b are constants. /'(O) is determined by sat-
isfying Eq. (2), and b is determined by evaluating Eq. (la) at
77 = 0. There results

/'(O) = - - 1)
1 +

b = -0[i+/'(0)]

(4a)

(4b)

ig. 2 Velocity profiles for —1.0 </3< -0.5.

It is of interest to note that with (2) the following exact
result can be derived:

d*/e = - [(i + fl/p]
for all ft, where 6* and 6 are, respectively, the displacement
and momentum thicknesses.

The pertinent results are presented in Figs. 1-3. The
velocity at the axis/'(0) is given as a function of the pressure
gradient parameter /3 in Figs, la and Ib, and the /' profiles
are shown in Figs. 2 and 3 for negative and positive values of /3}
respectively.

From Figs, la and 2 it is seen that, for —1.0 < ft < —0.5,
the velocity profiles are jet-like; that is, /' is greater than
unity at t] = 0 and decreases monotonically to unity as rj
increases from zero to infinity. It is noted that, as ft—** —1.0,
/'(O) ->• oo. There appear to be no reasons, either physical or
mathematical, for ruling out these solutions.

When 1< ft < oo, Fig. Ib shows that -1.0 </'(0) < -2.0.
In this range of ft, the velocity profiles (Fig. 3) are wake-like,
wherein/' has a minimum at 77 = 0 and increases monotoni-
cally to unity as rj increases from zero to infinity.

In general, the figures show good agreement between the
approximate and exact solutions when /3 < —0.1 and when
ft > 1. In the range — 0.1 < ft < 0 estimates obtained with
the simple form of integral method used here are not of ac-
ceptable accuracy; whereas in the range 0 < /5 < 1, they
yield inadmissable values of b < 0.

Conclusions concerning the existence of solutions when
0 < ft < 1.0 (and ft < —1.0) have not been formulated.
Clearly, a complete theoretical analysis on the existence of all
possible solutions of Eqs. (1) would be of interest.
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Parameters Affecting the Normal Shock
Location in Underexpanded Gas Jets

L. D'AlTORRE* AND F. C. HARSHBARGERf

General Dynamics/Astronautics, San Diego, Calif.

Introduction

RECENTLY the authors have completed an experimental
and theoretical determination of the axial position of the

normal shock formed by an underexpanded supersonic nozzle
for a variety of different exit conditions and working fluids.
Lewis and Carlson1 have provided a semiempirical correla-
tion that appears to be adequate for the one particular shape
of nozzle studied and for a static ambient. The correlation
may not be appropriate for other nozzle shapes or for a super-
sonic ambient.

Effect of Exit-Flow Angle
Lewis and Carlson1 studied two 15° half-angle conical

nozzles. One had an area ratio (exit to throat) of 1.385 and
the other had an area ratio of 3.868. They utilized N2,
C02, and He as the working fluids. They found an excellent
correlation between their results and the expression

X/de = (1)
where x is the axial distance to the normal shock (measured
from the nozzle exit plane), de is the nozzle exit diameter, Me
is the nozzle exit Mach number, ye is the ratio of specific heats
at the nozzle exit, pe is the static pressure at the nozzle exit,
and pa is the ambient static pressure. They found that ki =
0.69 and fe = i provided a good fit to their data. Any effect
of the exit flow angle is not provided explicitly in relation (1).

Recently2"4 a number of additional theoretical and experi-
mental determinations have been made for the axial distance
to the normal shock utilizing both conically shaped nozzles
and a nozzle with Foelsch coordinates.5 The Foelsch shape
is designed to provide axial flow (a zero flow angle) at the
exit. The Foelsch nozzle was operated with two different
gases (ye = 1-225 and ye = 1.4). The conical nozzles had
both 6° and 15° half angles. The conical engines were oper-
ated with one gas, ye = 1.225. In addition, some shock
positions were calculated (by the method of Bowyer, D'At-
torre, and Yoshihara6) for conditions for which no experimen-
tal data were available.

It was discovered that, whereas the present data for a 15°
half-angle conical nozzle can be correlated well with expres-
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Fig. 1 Normalized experimental data for the axial posi-
tion of the normal shock obtained from three different

nozzle shapes.

sion (1) with k\ = 0.69 and fe = i, the Foelsch nozzle data
falls outside the range of reasonable correlation with these
values for the coefficients. The Foelsch data is correlated
reasonably well by expression (1) if ki = 0.813 and fe = f.
Only one data point was obtained for the 6° half-angle conical
nozzle. It apparently falls outside the reasonable bounds of
correlation for either the 15° conical or the Foelsch coordinate
nozzles.

The result of this study suggests that the position of the
normal shock is sensitive to the flow angle at the nozzle exit.
This same conclusion was reached by Love.7

Effect of a Supersonic Ambient

Experiments and calculations were conducted also with the
15° nozzle and the Foelsch nozzle with a supersonic ambient
superimposed. As the ambient flow velocity was increased
the distance to the normal shock decreased. A modification
of relation (1) appears to be useful for correlating the data for
conditions in which there is a supersonic ambient, i.e.,

x/d. = (2)

where 5 = 0 when Ma = 0, and 8 = 1 when Ma > 1.
In Fig. 1 is given a correlation between the present experi-

mental and theoretical results and relation (2) for the three
different nozzle shapes and for a variety of subsonic and
supersonic ambient conditions. A straight line has been
drawn through the data obtained from the Foelsch nozzle
and from the 15° half-angle conical nozzle representing the
two sets of coefficients. There is some scatter in the data in
Fig. 1. This may be due in part to uncertainties in the actual
operating conditions and in part to the method of deducing
the actual position of the normal shock from the original
photographs. Despite" the scatter, it appears that a reason-


